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We investigate the recently reported analogies between pinned vortices in nano-structured super-
conductors or colloids in optical traps, and spin ice materials. The frustration of the two models, one
describing colloids and vortices, the other describing spin ice, differs essentially. However, their effec-
tive energetics is made identical by the contribution of an emergent field associated to a topological
charge. This equivalence extends to the local low-energy dynamics of the ice manifold, yet breaks
down in lattices of mixed coordination, because of topological charge transfer between sub-latices.
Introduction. A recent multidisciplinary effort in the
creation and study of artificial frustrated nano mate-
rials [1–34] has led to the exploration of new of ex-
otic states, including dynamics of magnetic charges and
monopoles [35]. While artificial spin ice [9, 10], based
on magnetic interacting nano structures, is now a ma-
ture field [10], realizations based on trapped colloids [3]
and vortices [4, 8] in nano-structured superconductors
have been proposed theoretically and realized experimen-
tally [6, 7]. These results show that they can exhibit a
low temperature ice manifold, seemingly equivalent to
the one of spin-ice systems.
In this letter we discuss why and when this equiva-
lence holds. The frustration of colloidal systems is of the
emergent kind, leading to an effective energetics of the
nodes that includes an emergent field conjugated to the
topological charge. For spatial modulations, we show
that the equivalence extends to the low energy physics
above the ice manifold, mediated by the emergent field.
Similarly to spin ice materials, the ice manifolds are in
a Coulomb phase, whereas quasi-ice manifolds are not.
This equivalence is based on charge conservation, and it
breaks down in lattices of mixed coordination, where a
net transfer of topological charge between differently co-
ordinated nodes must occur—something inherently im-
possible in magnetic spin ice materials [29, 30].
Ice Manifolds. In water ice each oxygen atom sits at
the center of a proton sharing tetrahedron. Two protons
are close and covalently bonded, whereas the two oth-
ers are close to a neighbor: the ice rule [36]. In spin ice
materials (natural [37] or artificial [10]) protons are re-
placed by classical macro spins, and the ice rule (2 spins
pointing in, 2 spins pointing out for a z = 4 coordina-
tion lattice [9, 10, 37]) or quasi-ice-rule (1-in/2-out, and
2-in/1-out for z = 3 lattices [10, 14, 23]) is dictated by
minimization of the frustrated energies of the vertices.
This is not the case for colloids and vortices, for which
pairwise interactions in the vertex are instead unfrus-
trated. Consider a network of nodes connected by links
with coordination z. On each link sits a colloid (or a vor-
tex) which only occupy the extreme ends (Fig 1). Each
node can have n = 0, 1, . . . z close colloids, and
En = E n(n− 1)/2, (1)
is the energy of such configurations, each of multiplicity
mn =
(
z
n
)
. (E > 0 as colloids mutually repel. We ne-
glect interactions—which are short ranged anyway [3]—
between different nodes.)
While our system is analogous to a spin ice material
with spins directed along the links and pointing toward
the colloid (Fig. 1), the energetics in (1) differ completely.
For spin ice, ice configurations optimize the node energy,
and n is degenerate with z − n because of time reversal
symmetry. Indeed in artificial spin ice the ice rule is
accessed even by disjointed vertices [12]. For colloids,
not the pairwise interaction, but rather the allocation of
all vertices in the lowest energy states is frustrated by the
lattice hence an “emergent” vertex-frustration. In spin
ice this only happens in dedicated geometries [29, 30].
As for spin ice systems we can introduce ρn, the proba-
bility of any node to be in the n-configuration. The “free
energy” of an uncorrelated gas of nodes is [14, 15, 17]
f =
z∑
n=0
(
Enρn + Tρn ln
ρn
mn
)
− κ
(
z∑
n=0
ρn − 1
)
, (2)
the Lagrange multiplier T representing an effective [14–
18] or real [20, 21] temperature. Yet, unlike in spin
ice, we need to include the conservation of colloids in
the graph, from which comes vertex-frustration. The
topological charge for a node in the configuration n is
qn = 2n−z, and is zero for the ice-rule (n = z/2). Then,
any distribution ρn must neutralize the average charge,
or Q = ∑zn=0 qnρn=0. Or Q+Qe = 0 if an extra charge
FIG. 1: Left: SEM image of the nano-patterned substrate
for pinning of superconductive vortices in MoGe thin films,
from [6]. Right: Schematics of z = 3, d = 2 colloidal trap,
corresponding hexagonal lattice, and spin equivalent, from [8].
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2Qe is doped extensively into the system (see below). We
thus minimize
ftot = f + φ
(
z∑
n=0
qnρn +Qe
)
(3)
and obtain, for fixed φ, the usual Boltzmann distribution
ρn =
(
z
n
)
exp(−Eφn/T )
Z(T, φ)
, (4)
[Z(T, φ) =
∑
n
(
z
n
)
exp(−Eφn/T )], in new effective en-
ergies Eφn which contain an “electrostatic” contribution
from the emergent field φ coupled to the charge qn:
Eφn = En + qnφ. (5)
Optimization of ftot with respect to φ gives
Q+Qe = T∂φ lnZ(T, φ) = 0, (6)
which determines φ and therefore, through (5), ρn in (4).
The temperature-independent choice
φ¯/E = −(z − 1)/4, (7)
is the solution for a lattice of single coordination and no
extensive doping (see below). Indeed it returns
Eφ¯n = E [q
2
n + z(z − 2)]/8. (8)
The last equality in (8) establishes an ice-like energetics
in the absolute value of the topological charges, therefore
ensuing Qe = 0, from Eφ¯n = Eφ¯z−n. Now we can relabel
nodes in terms of charge rather than colloids, and ρq =
ρ−q. For even z, at low temperature the nodes enter
an ice manifold, with all vertices tending to the n = z/2
close colloids configuration, or q = 0 (Fig. 2). For odd z a
quasi-ice manifold is approached instead. It corresponds
to embedded charges q = ±1 or to n = (z ± 1)/2 close
colloids, present in equal proportion. We note that the
(quasi)-ice manifold comes from the interaction among
colloids: If En’s were linear in n rather than quadratic
in (1), they would be subsumed in a redefinition of φ
and vertex frequencies would follow multiplicity, at any
temperature.
Applications involving 2-D hexagonal lattices of col-
loids [8] fall into this framework (Fig 2). However the
degeneracy of the ice manifold is lifted in practice in
other realizations, such as a square lattice of colloids
(z = 4, d = 2) [3, 6, 7] which leads to low tempera-
ture ordering, as in artificial square ice [16, 20]. Fig. 2
shows that the theory still works, when grouping vertices
by topological charge. The further ordering can then be
accounted for by symmetry breaking in the energetics in
(1). Here we concentrate instead on systems that can
access a degenerate and thus genuine ice manifold. Rel-
evantly, even a square lattice can be made degenerate as
proposed by Mo¨ller [33].
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FIG. 2: Left: For z = 4 ρq as a function of E/T as in (4)
for q = 0 (black, solid), q = ±2 (red, dotted), q = ±4 (blue,
dashed), plotted against numerical data from [3] for vertex
populations corresponding to n = 2 (•), n = 1(N), n = 3
(H), n = 0 (), n = 4 (). Right: for z = 3, q = ±1
(black, solid), q = ±3 (red, dotted), data from [4] for vertex
populations corresponding to n = 1 (•), n = 2(), n = 3
(N), n = 0 (). Insets: the screening length as a function of
E/T showing the exponential divergence (left) corresponding
to the ice-manifold.
Extensive Doping. Unlike in spin ice materials, extra
charge (colloids) can here be added or subtracted eas-
ily; even mobile charge if the extra colloids or vortices
can hop between links. For pinned vortices in supercon-
ductors this corresponds to tweaking the magnetic field
around the matching value [6, 7].
If the doping is non-extensive (Qe = 0), effects are only
local (see below), leaving the spatially averaged probabil-
ities unchanged. Conversely, extensively doping ne col-
loids corresponds to an average topological charge per
unit vertex Qe = −2ne. This charge breaks the ice, yet
not the quasi-ice, manifold. If ne  1 we can simply
apply the previous approach with Qe 6= 0 in (6). Now φ
depends on T . From (4) and (5) the behavior of ρn at low
T is controlled by the first two terms of the expansion
φ(T ) = φ0 + αT +O(T
2). (9)
φ0 determines the energetics in (5), and can be chosen to
make either one or two states degenerate. α renormalizes
the multiplicities, precisely mn → mn exp(qnα), and thus
controls the relative admixture of degenerate nodes.
In lattices of odd z, which at low temperature en-
ter a quasi-ice phase of embedded charges q = ±1 in
equal proportion, the extra charge can be screened within
the manifold. Then φ0 = −(z − 1)E/4 as in (7) and
α fixes the multiplicities of the q = ±1 charges, such
that ρq=1
T→0−−−→ (1 − Qe)/2, ρq=−1 T→0−−−→ (1 + Qe)/2
and ρq
T→0−−−→ 0 for q 6= ±1. A genuine ice mani-
fold (z even) however, contains no background charges
and extensive excitations are needed to absorb the ex-
tra charge. Assume Qe positive. We can always chose
φ0 so that the q = −2 charges are degenerate with the
q = 0 charges in the effective energetics of (5). Then
α in (9) gauges the relative admixture of the two giving
3ρq=0
T→0−−−→ 1−Qe/2, ρq=−2 T→0−−−→ Qe/2 and ρq T→0−−−→ 0
for q 6= 0,−2. The extra charge is screened by excitations
of lowest charge, or q = −2. This difference in behavior
between odd and even coordination number is relevant
to lattices of mixed coordination, where a transfer of net
topological charge eliminates the ice manifold (below).
Charge Screening. We show now how the emergent
field φ provides information on low energy dynamics and
local perturbations. If ρn(x) is the probability of a node
x to be in configuration n, then the free energy f in (2)
generalizes to a functional
F [ρ] =
∑
x
f(ρ(x)) + ∆F [q], (10)
that adds to the uncorrelated local free energy (2) the
non-local term ∆F [q], which accounts for the effect of
the underlying spin structure, including charge conser-
vation. We have already introduced a low temperature
approximation since ∆F depends on ρn(x) through an-
other (local) functional of ρn(x), the density of charge
q(x) =
∑
n qnρn(x). To fathom the form of ∆F [q] con-
sider the conjugate field
φ(x) =
δ∆F
δq(x)
(11)
and the Legendre transform
L[φ] = (∆F − q · φ)q=q[φ] (12)
[where q · φ = ∑x q(x)φ(x)], which implies
q(x) = − δL
δφ(x)
. (13)
and thus finally
F [ρ, φ] =
∑
x
f(ρ(x)) + q · φ+ L[φ]. (14)
The local functional in (14) looks now more like (3) and
the non-local functional L[φ] pertains to the emergent
field, which mediates an entropic interaction.
We can now construct L by perturbing over our previ-
ous uncorrelated treatment. Indeed N−1v
∑
x ρn(x) is the
probability of any vertex to have n closed colloids, and
should obey (4) (Nv is the number of nodes). Then our
functionals, restricted to uniform fields, should reduce to
the previous treatment. From (11), when ρn(x) are uni-
form, so is φ(x). Then, in order to recover (3) from (14),
L, restricted to uniform fields, must be
L[φ] =
∑
x
qe(x)φ = NvQeφ (15)
[qe(x) is the excess charge in the node x and Qe =
N−1v
∑
x q
e(x) is the average excess charge per node].
Perturbing over the uniform, average manifold we ex-
pand in the derivatives of φ. We assume that the lattice is
regular and allows coarse graining of x into a continuum
variable, and thus
∑
x → a−d
∫
Ld
ddx, where ad = Ld/Nv
is the volume of the unit cell. At second order
L[φ] =
∫
Ld
[
qeφ− 1
2
 ∂iφ∂
iφ
]
ddx
ad
(16)
is the only admissible form. Indeed, to be consistent with
the uniform solution, second order terms must be in the
derivatives of φ, excluding terms such as φ2 or ∂iφ∂iq
e.
Here  is the generalized permittivity of the emergent
field φ (in general one has ij , a suitable tensor).
In taking the functional derivative with respect to φ in
(13) we cannot discharge derivatives at the boundaries
since φ is not zero at infinity. It is convenient to replace
φ(x)→ φ¯+ φ(x), with φ x→∞−−−−→ 0, and minimize in both.
Minimization in φ(x) returns
−∆φ = (q + qe)/, (17)
and thus from (17), (16), and (14), F =∫
Ld
[
f +  12∂iφ∂
iφ
]
ddx/ad and thus  > 0. Then
optimization of (14) with respect of ρ(x) and φ¯ leads
again to the charge constraint Q + Qe = 0 for the
spatially modulated ρn(x) given the Boltzmann law
(4) but now with spatially modulated φ(x). We have
now a Debye-Hu¨kel model for an electrolyte solution,
where charges are topological while the interaction φ is
emergent from the underlying spin network.
Consider Qe = 0 but qe(x) 6= 0 [39]. Then one can
define ρn(x) = ρ
o
n + ηn(x), where ρ
0
n =
∫
Ld
ρn(x)d
dx/ad
must be the uniform solution at given T and thus the
charge density is q(x) =
∑
n ηn(x)qn. Expanding (4) in
φ around φ¯ = −E(z − 1)/4, one finds
ηn(x) = −ρ0nqnφ(x)/T (18)
and thus
q(x) = −Q2φ(x)/T (19)
where Q2(T ) = ∑n ρ0n(T )q2n is the average charge fluc-
tuation of the manifold. Finally from (17) and (19) φ
satisfies
(λ−2 −∆)φ = qe/, (20)
a screened Poisson equation whose screening length
λ =
√
 T/Q2, (21)
precisely corresponds to the Debye formula.
The extra charge is thus locally screened by the fluc-
tuating charges. But since there is no embedded charge
fluctuation in a genuine ice manifold (for even z) then
λ−1 = 0 [40], thus revealing an entropic solenoidal (or
Coulomb) phase for φ in (20). Then standard poten-
tial theory in any dimension implies that a mobile extra
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FIG. 3: For a lattice of mixed coordination there must be a
net transfer of topological charge between vertices of different
coordination (bottom right). For z = 3, 4 (inset: the shakti
lattice of [29, 30]) φ at low T approaches its value for z = 3,
corresponding to E(1− z)/4 = −E/2 (bottom left): thus the
sub-vertices of z = 3 obey the quasi-ice rule (top right, the
q = ±1 line, black dotted, is split), but with an imbalance of
positive q = 1 charge, to screen the extra charge coming from
the z = 4 vertices (top left).
charge is expelled at the boundaries as the system enters
the ice manifold. Conversely for non-zero T , screened
point-like charges can diffuse at an average distance much
larger than λ.
A (non-extensive) extra charge does not disturb a gen-
uine ice manifold: indeed from (19), as Q2 = 0, q(x) = 0.
Point-like charges move in the ice manifold without sum-
moning embedded charges and thus with no alteration
to the ice-rule. They do pair-wise interact via a Laplace
Green function. As there is no real transition to an ice
manifold, the same applies to charge excitations over the
manifold, which interact as the magnetic monopoles [35]
of spin ice, yet with a difference: because of the short
range energetics [3], the interaction between monopoles
is here entirely of the emergent kind and dimensional-
ity dependent: for d = 3 it is a Coulomb potential and
opposite charges are separable, while for d = 2 they are
logarithmically confined.
Conversely in a quasi-ice manifold (odd z) there are
always embedded ±1 charges and thus Q2 = 1. We have
entropic screening of a point-like extra charge by near-
est neighboring embedded charges [4], also seen (numer-
ically) in artificial spin ice of odd coordination [30, 34].
At low temperatures this screening becomes tighter and
can form bound states, or polarons [34]. When spaced at
a distance much larger than λ they should simply diffuse.
As temperature increases, one expects the screening to
become less tight. Indeed when T/E →∞ all links flips
independently and vertices are allocated by multiplicity.
From (4) that implies φ/T → 0, which from (17) entails
T → ∞. Since  is inversely proportional to an energy
dimensional considerations fixes it at  = ξ2a2E−1 where
ξ is a number, and is limited in E/T . Then (21) implies,
correctly, λ2/a2 ∝ T/E (since Q2 ≤ Q2|T=∞ = z).
Mixed Coordination and Networks. When does the
equivalence break down? Consider lattices of mixed co-
ordination number, an intriguing scenario that opens a
window on more complex geometries [29, 30, 34] and in
general on dynamics in complex networks, which we will
develop elsewhere. Then the free energy is the sum of
terms given by (2), each corresponding to sub-lattices
of different coordination, and weighted by the relative
abundance of vertices of that coordination. However, the
emergent field must be the same for all sub-lattices: the
total charge, not the sub-lattices charge, must be con-
served. In fact, there must be charge transfer between
sub-lattices of different coordination: since (7) cannot
be satisfied for all z simultaneously by the same field, at
most one sub-lattice can reach the ice (or quasi-ice) mani-
fold at low T , whereas the others are no longer equivalent
to a spin ice system. This is distinctively different from
the case of artificial spin ice of mixed coordination which
always enters an ice manifold [29, 30]. There, charge con-
servation is implied by an energetics genuinely degenerate
in the sign of the charge.
For definiteness, consider the case of mixed coordina-
tion 4 and 3, in Fig. 3. Our previous discussion on dop-
ing and (9) can be employed. If we choose φ0/E = −1/2
in (9), then the z = 3 sub-lattice enters the quasi-ice
manifold at low T . Yet in the z = 4 sector, from (5),
q = −2 and q = 0 become degenerate and of lowest effec-
tive energy: the z = 4 vertices dump positive topological
charge on the z = 3 ones by “exciting” negative charges
(q = −2).
In truth, these are only excitations in the effective en-
ergetics (5) for a lattice of single coordination number.
For mixed coordination they are are in fact a way to lower
the real energy in (1), whenever geometry permits. Then
the z = 3 sub-lattice can screen the extra charge without
abandoning the quasi-ice manifold, in a way reminiscent
of what happens to the shakti [29, 30, 38] and pentago-
nal [34] artificial spin ice above their ice manifold.
Conclusion. We have studied the equivalence between
systems of trapped colloids or pinned vortices, and spin
ice: their ensemble is controlled by an effective energetics
that accounts for the effect of an emergent field on the
topological charges of the vertices. We find that lattices
of even coordination number can access an ice manifold,
which is a Coulomb phase that for d ≥ 3 can support
separable monopolar excitations, as in spin ice. Lattices
of odd coordination access a quasi-ice manifold, as also
seen in artificial spin ice, in which polarons can form.
Finally the equivalence breaks down in lattices of mixed
coordination, whose behavior is essentially different from
mixed coordination spin ices.
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